An easy-plane ferromagnetic insulator in a uniform external magnetic field and in contact with a phonon bath and a normal metal bath is studied theoretically in the presence of dc spin current injection via spin Hall effect in the metal. The Keldysh path integral formalism is used to model the magnon gas driven into nonequilibrium steady state by mismatched bath temperatures and/or electrical spin injection, and we analyze the magnon system in the normal (uncondensed) state, but close to field-and electrically-driven instability to Bose-Einstein condensation (BEC), within the self-consistent Hartree-Fock approximation. We show that the BEC instability in the electrically-driven magnon system is signaled by a sign change in the imaginary part of the poles for longwavelength magnon modes and by the divergence of the nonequilibrium magnon distribution function. In the presence of two bath temperatures, we find that the correlation length of the superfluid order parameter fluctuations exhibits nontrivial finite temperature crossover behavior that is richer than the standard crossover behavior obtained for the vacuum-superfluid transition in an equilibrium dilute Bose gas. We study the consequences of these thermal crossovers on the magnon spin conductivity and obtain an inverse square-root divergence in the spin conductivity in the vicinity of the electrically-induced BEC instability. A spintronics device capable of testing our spin transport predictions is discussed.
I. INTRODUCTION
Magnetically-ordered insulators provide an attractive arena to study nonequilibrium Bose-Einstein condensation (BEC) of magnons in a dissipative solid state environment. 1, 2 Unlike BECs in ultra-cold atomic systems and superconductors, quasiparticle BECs in solids typically require nonequilibrium states in which the systems are externally pumped with sufficient energy to compensate for the incessant quasiparticle decay. 3, 4 An early spectroscopic evidence for room temperature magnon BEC was reported in a ferrimagnetic insulator yttrium iron garnet (YIG) driven by parametric pumping. [5] [6] [7] According to the prevailing heuristic picture, the magnon BEC forms during a transient stage after a sufficient number of hot incoherent magnons are injected into a narrow region of the spectrum and the pump is switched off. 8, 9 Magnons rapidly thermalize to a quasi-equilibrium state via multi-magnon scattering processes and condense before they ultimately decay into the lattice.
An alternative pumping mechanism is dc electrical pumping, which involves interfacing the magnetic insulator to a normal metal with strong spin-orbit coupling and utilizing spin Hall effect in the metal for spin injection. 10, 11 In the presence of exchange coupling between the two subsystems, magnon injection (absorption) occurs via the annihilation (creation) of spinful particle-hole excitations in the metal so that the metal serves both as a spin injector and a dissipative environment. Here, the threshold injection strength necessary for magnon condensation can be attained by increasing the electrical current inside the normal metal. An interesting aspect of this proposal is the possibility to realize a magnon BEC in a nonequilibrium steady state, a flow-equilibrium state in which spin lost into the dissipative environment is precisely compensated by spin injection from the metal. 10, 11 Motivated by this proposal, a recent experiment achieved BEC criticality via electrical spin injection in a bilayer sys-tem consisting of YIG and heavy-element metal platinum (Pt). The experiment reported a significant increase in the two-terminal dc magnon spin conductivity above the critical magnon density and a compelling evidence for dissipationless spin transport mediated by a magnon condensate. 12 This exciting development calls for a detailed study of spin transport through magnon gases in the vicinity of the BEC transition and in the simultaneous presence of dissipation and electrical pumping.
On a broader note, quasiparticle BECs in driven-dissipative steady states have been studied extensively in the context of photons 13 , excitons in coupled quantum Hall bilayers 14 and exciton-polaritons in light-driven semiconductor heterostructures 15 . In the context of exciton-polariton systems, the Keldysh path integral formalism has proved useful for systematically analyzing the effects of the external pump and dissipation in the self-consistent mean-field description of the coherent state and of the fluctuations beyond the mean-field limit. 16 This powerful theoretical machinery is beginning to be applied to the nonequilibrium magnon BEC phenomenon 17 and could be useful in rigorously addressing the properties of a magnon gas tuned close to the BEC transition in a driven-dissipative environment. This approach should not only elucidate the combined effects of dissipation and nonequilibrium drive on the BEC instability criteria but also on the finite temperature crossover behaviors and spin transport properties of near-critical magnon gases. Furthermore, the BEC transition of ferromagnetic exchange magnons belongs to the same universality class as the vacuum-superfluid phase transition in dilute Bose gases in thermal equilibrium. 18 The rigorous theoretical formulation of nonequilibrium magnon BEC should then set the stage for studying how departures from thermal equilibrium and particle/energy conservation modify the behavior of Bose gases near this well-known phase transition.
In this work, we formulate a Keldysh path integral the- (Color online) Each atomic spin at site i of the ferromagnetic insulator is coupled to its own phonon and metallic baths with coupling strengths η i and κ i,α , respectively. The phonon bath is characterized by excitations b i,α , where α labels the eigenmodes, and the metallic bath is characterized by fermion excitations ψ i,kσ with wavevector k and spin σ. We assume the two baths are thermalized at different temperatures T F and T B , and a nonequilibrium spin accumulation µ s in the metal allows for spin injection into the ferromagnet.
ory for a driven-dissipative easy-plane ferromagnetic insulator coupled to a bosonic (phonon) bath and a metallic bath, both of which introduces spin/energy loss (i.e., Gilbert damping) within the ferromagnet. A nonequilibrium spin accumulation in the metal (generated, e.g., via spin Hall effect) also allows for incoherent spin injection (dc electrical pumping) into the magnet. Starting from a microscopic Keldysh action consisting of the magnetic subsystem and the baths, the reduced Keldysh action for the active magnons alone is obtained by tracing out the bath degrees of freedom. Based on the resulting effective magnon action, we focus exclusively on the normal (uncondensed) phase near the BEC criticality for various bath temperatures and electrical pumping strengths, and account for the quartic magnon-magnon interaction term within the self-consistent Hartree-Fock approximation.
We find that the steady state magnon distribution function, for mismatched bath temperatures and/or electrical pumping, generally has a non-thermal form that cannot be described by a single effective chemical potential and effective temperature but is given by a nontrivial weighted superposition of the bath distribution functions. We also quantify the shift in the position of the BEC critical line as a function of bath temperatures and electrical pumping, and find that the correlation length of the superfluid critical fluctuations possesses crossover behaviors with respect to finite bath temperatures that are richer than those predicted for equilibrium dilute Bose gases near BEC criticality. 18 In the latter part of the work, we shift our focus to spin transport and compute the magnon spin conductivity for the magnon gas using the Kubo formalism and within the Hartree-Fock approximation. We first investigate how the abovementioned finite temperature crossover behaviors in the correlation length are reflected in spin transport. Specifically, for zero electrical pumping, we find that the spin conductivity traverses through three different thermal regimes, each with a distinct temperature dependence, as the bath temperatures are increased from absolute zero. For finite pumping, we find an inverse square-root divergence of the spin conductivity as the dc electrical pumping strength approaches the threshold value for BEC instability. Motivated by the recent spin transport experiment on magnon gases close to the electrically-driven BEC instability, 12 we discuss how our spin transport predictions can be verified using a similar experimental setup.
The paper is organized as follows. In Sec. II, we introduce the models for the magnetic system of interest and the baths, and obtain an effective theory for the magnons alone by tracing out all of the bath degrees of freedom using the Keldysh functional integral formalism. In Sec. III, we develop a self-consistent Hartree-Fock theory for the magnon system, and study the BEC critical line and the finite temperature crossover behavior. Spin conductivity is computed in Sec. IV, and a discussion on how the conductivity can be verified in a two-terminal spin transport setup is presented in Sec. V. Conclusions are drawn in Sec. VI.
II. MODEL AND THEORY
The system of interest consists of a 3-dimensional ferromagnetic insulator coupled to both bosonic and metallic (fermionic) baths (see Fig. 1 ). The former is introduced to explicitly model the intrinsic spin/energy loss (i.e., Gilbert damping) within the ferromagnet, while the latter leads to additional Gilbert damping due to the fermionic continuum. A nonequilibrium spin accumulation µ s in the metal (generated, e.g., via the spin Hall effect) also allows for incoherent spin injection into the magnetic insulator. Since we focus on the impact of dissipation and nonequilibrium drive on the magnetic subsystem, we consider a relatively simple, but quite general, model Hamiltonian for an exchange ferromagnet with an easy-plane magnetic anisotropy perpendicular to the z axis and in a uniform magnetic field B along the same axis. The Hamiltonian for the full system can then be written
of ξ K , i.e., K q ≈ K 0 e −q 2 ξ 2 K /2 . Following the standard boson mapping, 19 Eq. (1) can be reexpressed in terms of creation and annihilation operators for magnons with wavevector q, a † q and a q , i.e.,
, is the magnon spectrum, µ 0 = γB−S K 0 is the bare magnon gap (tunable using the external field), and N is the total number of lattice sites in the ferromagnet. The 4-magnon vertex here takes the form
. We now define the spin-bath coupling. As shown in Fig. 1 , we assume that the atomic spin on each lattice site i couples to its own independent bosonic and fermionic baths. The local Hamiltonian may then be written as
i and H m i model the coupling to the bosonic and fermionic baths, respectively. We write the bosonic contribution as
where b i,α is the annihilation operator for a boson in eigenmode α in the i-th bath, which couples to the magnon at the site with strength κ i,α . The second term describes the decay of a magnon into the bath by transmuting into a superposition of bath boson modes. We assume that all of the bosonic baths are identical and that they are held at the same temperature T B so that the excitations occupy the states according to the Bose-Einstein distribution, i.e., b † i,α b i,α = n α δ αα , where n α = (e Ω α /k B T B − 1) −1 . We hereafter refer to the bosonic excitations as phonons and T B as the phonon temperature. In the absence of the metal (and, therefore, driving), the magnons thermalize to the Bose-Einstein distribution of the phonons.
The metallic bath contribution to the local Hamiltonian can be written as
where ψ i,kσ annihilates a fermion in the i-th bath with wavevector k and spin σ, ν k = 2 k 2 /2m is the usual quadratic spectrum with effective mass m, and η i quantifies the hybridization between the magnon and the fermions at site i. We assume that all of the fermionic baths are identical and that they are held a common temperature T F so that the excitations occupy the states according to the Fermi-Dirac distribution
Here, µ σ is the spin-dependent chemical potential that models the nonequilibrium spin accumulation µ s inside the metal, i.e., µ s = µ ↑ − µ ↓ .
A. Keldysh path integral formulation
Long after the couplings to the baths and the dc electrical pumping are turned on, the magnon system is expected to approach a steady state in which spin and energy injected by the pumping process are precisely balanced by the spin and energy lost through dissipation. In this nonequilibrium steady state, the magnons should generally be characterized by a nonthermal distribution function, level broadening, etc., and their properties must be solved for in the presence of both drive and decay. To this end, the Keldysh path integral formalism 20 provides a systematic, straightforward way to trace out the bath degrees of freedom and obtain a reduced field theory for the magnons that takes the dissipative and nonequilibrium effects of the baths into account.
Central to the Keldysh functional integral formalism is the Keldysh action S, which is obtained by time-evolving the system Lagrangian along the Schwinger-Keldysh time-loop contour, i.e., from an initial state in the infinite past t = t 0 = −∞ to the far future (i.e., t = ∞) and back to t 0 . To reduce the time integrals to unidirectional ones, it is customary to double the degrees of freedom at every point in time by defining separate fields on the forward and the backward branches (labeled by + and −, respectively) of the time-loop contour. Following a standard procedure, we formulate S in the RAK basis, where all bosonic fields on the forward and backward branches, φ + q (t) and φ − q (t), are rotated to the "classical-quantum (c-q)" basis, φ c q (t) and φ(t), and all fermionic fields on the contour, ψ + k (t) and ψ − k (t), are rotated to the "1-2" basis, ψ 1 k (t) and ψ 2 k (t). 20 In this basis, the causality structures of the bosonic (D) and fermionic (Ĝ) Green functions becomê
where R, A, K label the usual retarded, advanced and Keldysh components.
In the RAK basis, the Keldysh action for the magnon subsystem [corresponding to Eq. (2)] is given by
where A † q (Ω) = (a c * q (Ω) a q * q (Ω)) collects the classical and quantum components of the magnon field, a q (t) = (dΩ/2π)a q (Ω)e −ιΩt , and the components of the unperturbed magnon propagator matrix are given by
where T is the magnon temperature in the infinite past and δ > 0 is the usual infinitesimal parameter. The Keldysh action for the i-th phonon bath and its coupling to the magnons at site i becomes
, once again, collects the classical and quantum components of the bath field and the bath Green functions read
we useτ x ,τ y andτ z to denote Pauli matrices acting in Keldysh space. Finally, the Keldysh action describing the i-th metallic bath and its coupling to the magnons is given by
where Ψ † i,kσ (ω) = (ψ 1 * i,kσ (ω) ψ 2 * i,kσ (ω)) collects the 1 and 2 components of the bath fermions, and the unperturbed bath fermion propagators are given by
The full Keldysh partition function can now be written as
whereρ 0 is the density matrix at t = t 0 .
B. Tracing out the baths
We now integrate out the bath degrees of freedom in order to obtain an effective field theory for the active magnons.
The assumption here is that the baths are infinite, so that they remain unperturbed from their equilibrium configuration even in the presence of the (possibly strongly nonequilibrium) magnon system. The effects of the infinite baths on the magnon subsystem can then be fully taken into account by performing a functional integral over the baths. If the phonon baths are traced out, Eq. (5) is modified to
(Ω) are the phonon-induced magnon self-energies. The retarded component may be written as
where J B i (Ω) = π α |κ i,α | 2 δ(Ω − Ω α ) is the spectral density of the i-th bath, and the Keldysh component reads
As Eq. (7) shows, the current formalism allows one to consider any functional form for the phonon spectral density J B i (Ω). Here, we proceed with an ohmic bath,
where we have introduced a Drude cutoff function with cutoff frequency Ω c and a site-dependent Gilbert damping parameter α B i . In the low-frequency limit Ω Ω c , Eq. (7) reduces to
We therefore see that an ohmic bosonic bath here leads to the standard level broadening proportional to magnon frequency and thus to the familiar Gilbert damping phenomenology. The phonon baths here are sources of intrinsic Gilbert damping in the current formalism.
Integrating out the metallic degrees of freedom is relatively more complex compared to the bosonic case because the fermions and the magnons couple nonlinearly [see Eq. (6)]. Therefore, once the integrals over Ψ i,kσ (ω) are performed, the fermionic bath corrections to the effective magnon action arise at all even orders in η i and renormalize the multi-magnon scattering vertices as well. At the gaussian order, the correction renormalizes the gaussian magnon action, i.e., the first term in Eq. (4),
where the components of the fermion-induced magnon selfenergy matrix are given by Performing the internal frequency integral, the self-energy functions become
where α F i = π|η i | 2 ρ 2 0 2 is the Gilbert damping arising from the metallic continuum and ρ 0 is the bath fermion density of states at the Fermi level.
The next order correction comes at fourth order in η i and renormalizes the quartic vertices in the magnon action [see the last two lines in Eq. (4)]. As shown in Appendix A, the fermionic bath not only generates corrections to the existing quartic coefficients but also generates new quartic terms with even powers of quantum fields a. However, the bath only generates dissipative vertices -quartic terms with purely imaginary coefficients -that are O[(α F i ) 2 ], and, within the self-consistent Hartree-Fock approximation introduced below, they are expected to give subleading corrections to the dissipative effects already accounted for at the gaussian order [see Eqs. (9) and (10)]. We therefore ignore these metal-induced renormalizations of the quartic vertices in the remainder of the work. 21 
III. SELF-CONSISTENT HARTREE-FOCK THEORY
We now discuss the properties of the driven, dissipative magnon subsystem in the normal (uncondensed) phase and discern the location of the BEC instability as a function of various system parameters such as the external magnetic field B and the bath temperatures T B and T F . This will be done by generalizing the self-consistent Hartree-Fock approach, used in equilibrium dilute imperfect Bose gases, 22 to the current nonequilibrium problem. For simplicity, we hereafter restrict our discussion to uniform magnon-bath coupling amplitudes, i.e., κ i,α → κ α and η i → η, though lifting this assumption is not expected to change the qualitative results presented below.
The Dyson equation for the full magnon Green function within the self-consistent Hartree-Fock approximation is diagrammatically shown in Fig. 2 , where each magnon propagator has a Keldysh matrix structure consistent with Eq. (3). Each thin line represents the gaussian magnon propagator matrix [with components D R,A,K q (Ω)] that fully accounts for the nonequilibrium drive and dissipation. Its retarded component can be easily read off from the reduced gaussian Keldysh action,
where Σ R (Ω) = −ια B Ω and Π R (Ω) = −ια F (Ω − µ s / ), and α B and α F can now be interpreted as the (spatially uniform) Gilbert damping parameters arising from the phonon and metallic baths, respectively. In Eq. (11), we have dropped the constant real part in Σ R [see Eq. (8)] by absorbing it into the bare magnon chemical potential µ 0 . Similarly, the Keldysh component of the gaussian magnon propagator can be read off as
is the nonequilibrium magnon distribution function and α = α B + α F is the total Gilbert damping parameter. We see from Eq. (12) that the magnon distribution function, in general, has a nonthermal form in the presence of mismatched bath temperatures and/or electrical pumping. Even at zero pumping (i.e., µ s = 0), N(Ω) is given by a linear combination of two Bose-Einstein distribution functions, one corresponding to the phonons equilibrated at temperature T B and the other corresponding to the spin-1 particle-hole excitations in the metal equilibrated at temperature T F , and they are weighted by the respective Gilbert damping parameters associated with each of the baths. This has important consequences on the finite temperature crossover behavior of the magnon system near the BEC critical line, as we later show in Sec. III C.
The steady-state non-thermal magnon distribution function obtained here contrasts with similar past studies of electrically pumped magnon BECs, in which magnons were assumed to be internally thermalized to the Bose-Einstein distribution function with a well-defined effective temperature and a chemical potential. 11, 23 A. Self-consistent solution Within the self-consistent theory, the components of the Keldysh one-loop self-energy matrix are given bỹ
where D R q (Ω) is the retarded component of the full selfconsistent magnon propagator, and we findΣ K q = 0. This then leads to a self-consistent magnon spectrum given bỹ where the full retarded magnon propagator above is defined with the renormalized spectrumε q and chemical pontential µ, i.e.,
The magnon spectral function, A q (Ω) = −2ImD R q (Ω), is strongly peaked at q ∼ [2( Ω − µ)/J 0 S ξ 2 J ] 1/2 . Therefore, contributions to the integral coming from large wavevectors q ∼ ξ −1 J in Eq. (13) (assuming that the spatial range of the exchange constant is on the order of a few lattice constants) is exponentially suppressed by N(Ω) as long as
1, which is almost always true. The last term in Eq. (13) can then be evaluated by setting q = 0. Now, expanding V q0 to quartic order in qξ J 1 and qξ K 1, the self-consistent equation becomes
where
is the magnon number per lattice site. The second term on the right hand side of Eq. (15) renormalizes the effective magnon mass. However, this correction remains small in the dilute magnon limit, i.e., n/S 1. We therefore ignore this correction as well and finally arrive at the self-consistent equation for the magnon chemical potential (i.e., the magnon gap),
B. BEC critical line
We now construct a two-dimensional phase diagram for the magnon system spanned by the phonon temperature T B and external magnetic field B. We define the equilibrium limit as T B = T F ≡ T and µ s = 0, in which the magnons are thermalized at temperature T and then study the departures from equilibrium systematically by introducing T F T B and µ s > 0.
In the absence of spin accumulation in the metal, i.e., µ s = 0, the BEC critical line [defined by µ = 0 in Eq. (16)] translates to the following critical magnetic field
Here, ζ 3/2 (x) is the polylog function, v s is the volume occupied by each atomic spin, and Γ α = (1 + α 2 ) 1/4 cos[(tan −1 α)/2] is a prefactor that arises due to dissipation. In the equilibrium and isolated limits, i.e., T B = T F and α = 0, we have Γ α = 1 and Eq. (17) reduces to the well-known BEC critical line for a dilute Bose gas (see solid black line in Fig. 3 ). 18, 22 If we then introduce Gilbert damping α > 0 (while still keeping T F = T B ), the critical line is modifed to the dashed line; we find that dissipation, as expected, leads to the shrinking of the BEC phase region.
The two colored lines give the critical lines for mismatched bath temperatures, T F T B , the red and blue lines corresponding to T F > T B and T F < T B , respectively. We find that raising (lowering) the fermion bath temperature above (below) the phonon temperature generally destabilizes (stabilizes) the BEC phase. In the absence of electrical pumping µ s = 0, our model therefore predicts that triggering a steady state magnon BEC with a positive temperature difference between the metal and the phonons (T F − T B > 0, i.e., magnon BEC via spin Seebeck mechanism alone) is not possible.
The reason for this claim can be understood as follows. Our theoretical analysis in Sec. II shows that once the phonon and metallic baths are integrated out, magnon distribution function Eq. (12) is no longer thermal with a well-defined temperture and chemical potential, but is defined by the distribution functions of both baths. The magnon distribution function therefore "floats" (i.e., adjusts) according to the thermal distribution functions of the surrounding baths. In this sense, it would be reasonable to expect that realizing magnon BEC by heating the metal is impossible because that will always heat up the magnon system and hinder condensation.
Electrically-pumped BEC of magnons in a setup very similar to Fig. 1 was studied recently in Ref. 11 by assuming that magnons remain internally thermalized with an effective temperature and chemical potential. In the so-called "floating temperature" regime, the work obtains the effective magnon temperature by balancing the spin/energy transfer across the metal-magnet interface and loss to the phonon bath. In this regime, the work shows that raising (lowering) the metal tem-perature above (below) the phonon temperature tends to hinder (facilitate) magnon condensation, and therefore shows some level of consistency with our findings.
C. Finite-temperature crossovers
The presence of two bath temperatures endows the current system with a richer finite temperature crossover behavior compared to the standard critical Bose gas in equilibrium. 18 In this section, we still keep µ s = 0 and study the effects of the two bath temperatures in the vicinity of the T B = T F = 0 quantum critical point located at µ 0 = 0. For weak dissipation, α B , α F 1, we find that the effects of the baths on the magnon density of states ρ m (Ω) are very weak, so we approximate ρ m with its expression in the isolated limit, i.e.,
where V is the volume of the ferromagnet. Then the selfconsistent condition for the magnon gap µ becomes [c.f. Eq. (16)]
We note that cT 3/2 B /k B T B 1 and cT 3/2 F /k B T F 1 hold as long as both bath temperatures are much less than the exchange scale, i.e., T B , T F J 0 /k B , which is almost always true. Then the magnon gap can be quite easily solved by iteration in nine different regimes as shown in Fig. 4 . The gap µ is also directly related to the correlation length ξ of the superfluid order parameter fluctuations via ξ −2 ∝ µ, so Fig. 4 summarizes how the correlation length of the critical fluctuations, which diverges right at the critical line, is cutoff by departures from the critical line.
The familiar finite temperature crossover behavior of the (inverse square of the) correlation length for an equilibrium dilute Bose gas 18 can essentially be reproduced by setting α F = 0 in the current discussion and varying the phonon temperature. The three regimes that arise in this case are enclosed in the thick red box in Fig. 4 . At low temperatures T B µ 0 /k B (shaded in blue), the correlation length is essentially cutoff by the bare gap µ 0 and its T -dependent corrections are exponentially small. In this regime, the inter-particle spacing between the magnons is much larger than the thermal de Broglie wavelength and the the magnon density is exponentially small. In the intermediate temperature regime µ 0 /k B T B (µ 0 /c) 2/3 (shaded in green), ξ −2 is still dominated by µ 0 , however, the subleading correction now possesses a powerlaw form in contrast to the exponential form obtained in the low-temperature regime. In this regime, the magnon density scales with temperature as T 3/2 B and the inter-particle spacing becomes of order the de Broglie wavelength. Finally, in the high-temperature regime T B (µ 0 /c) 2/3 (shaded in red), the correlation length is cutoff by temperature and one finds If we now re-introduce the fermionic bath (i.e., α F > 0), each of the three regimes mentioned above is further subdivided into three sub-regimes depending on the magnitude of the metal temperature T F (see Fig. 4 ): the bottom row corresponds to its low temperature regime with T F µ 0 /k B , the middle row to intermediate temperatures µ 0 /k B T F (αµ 0 /α F c) 2/3 and the top row to the high temperature regime T F (αµ 0 /α F c) 2/3 . We see that the corrections to the magnon gap coming from T F are exponentially small in the low temperature regime and so T F essentially does not enter the expression for the correlation length (see the bottom row). However, in analogy with T B , the metal temperature becomes increasingly effective in cutting off the correlation length as it increases, and once the high temperature regime is reached (see the top row), the correlation length essentially becomes defined by T F unless the phonon temperature T B is also in the high temperature regime (i.e., the top right corner).
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D. BEC instability due to electrical pumping
Let us now reinstate the electrical pumping µ s . As one increases the nonequilibrium spin accumulation µ s from zero in the normal phase, the instability of the magnon system is signaled once the frequency µ/ corresponding to the excitations at the bottom of the band obeys Im{D R−1 q (µ/ )} = 0, i.e.,
If µ s is increased beyond this point, the imaginary parts of the small-q poles become positive and fluctuations in the system grow in time, thus signaling an instability. 24 Comparing Eq. (14) and Eq. (12), we see that the condition Eq. (18) signals a divergence in the magnon distribution function N(Ω). However, the nonequilibrium drive µ s has relatively little effect on the magnon gap µ as we now show. We focus on the limit of equal bath temperatures, i.e., T B = T F ≡ T , for simplicity. In this case, the self-consistent condition for the magnon gap Eq. (16) reduces to
where the two dimensionless functions are given by
If we solve Eq. (19) self-consistently for µ, we find that the electrical pumping µ s only gives negligible corrections to the magnon gap expressions already obtained in the µ s = 0 limit (c.f. Fig. 4 ). In particular, as long as T (αµ 0 /α B c) 2/3 and T (αµ 0 /α F c) 2/3 (i.e., regimes I and II), the last two terms in Eq. (19) remain small compared to the first term for all µ s , therefore, µ ≈ µ 0 still holds in those regimes. At high temperatures, i.e., T
IV. SPIN CONDUCTIVITY
Finite temperature crossover behavior exhibited by the magnon gap (see Fig. 4 ) entails a corresponding crossover behavior in the magnon spin conductivity. Here, we use the Kubo formalism to compute the spin conductivity of this magnon gas within the normal phase and the Hartree-Fock approximation as a function of the bath temperatures T B and T F and the magnetic field µ 0 . We later investigate the effects of finite electrical pumping µ s > 0.
Spin conductivity can be obtained by looking at the response of the magnons to an external magnetic field B(x, t); here, we focus only on the spin current polarized along the z axis, which is the conserved component. The relevant (timedependent) perturbation can then be written as
where a(x) = a i /v 1/2 s is the continuum magnon field operator. Assuming that the magnetic field has a uniform gradient only along the x axis, the resulting spin current J(x, t) flowing along the same axis, within linear-response, reads [25] [26] [27] 
where the susceptibility is defined as
(x, t) = a † (x, t)a(x, t) is the magnon density operator and j(x, t) = ι(J 0 S ξ 2 J /2)[∂ x a † (x)]a(x) + h.c. is the magnon spin current operator. The spin conductivity σ is then defined as the constant of proportionality between the negative gradient in the magnetic field and the spin current that flows in response to it, i.e., J q (ω) = σ(q, ω)(−ιq x ) γB q (ω), where σ(q, ω) = (−ιq x ) −1 χ(q, ω). Within the Hartree-Fock approximation and in the uniform limit, spin conductivity can then be evaluated straightforwardly by first computing the susceptibility Eq. (20), and we obtain
and D < k (Ω) = −ιN(Ω)A k (Ω) is the lesser Green function. Finally, taking the ω → 0 limit, the dc spin conductivity σ 0 is given by
A. Finite-temperature crossovers Let us first fix µ s = 0 and explore the behavior of the dc spin conductivity in the various finite temperature regimes considered in Sec. III C. Both the phonon bath and the metal contribute to the thermal population of magnons inside the ferromagnet. Therefore, the total spin conductivity contains two
is the contribution arising from the phonon (metallic) bath. Once again, evaluating Eq. (21) in the limit of weak damping α B , α F 1, σ 0 can be well approximated by
where the function S(y) has the asymptotic behavior
In the low temperature regime T B , T F µ 0 /k B , each bath generates very few thermal magnons in the ferromagnet and the conductivity becomes exponentially suppressed. In this limit, µ ≈ µ 0 and we obtain Fig. 4 . Recall that µ 0 = γB − S K 0 . See Fig. 4 for the labeling convention of the various temperature regimes.
When the bath temperatures are in the intermediate to high temperature regimes T B , T F µ 0 /k B , the dimensionless function S(y) crosses over to the other asymptotic regime, and we obtain
where the expressions for µ are presented in Sec. III C. Based on these results, we summarize the temperature and magnetic field dependences of σ 0 in Table I . The results in the table hold for arbitrary α B and α F as long as they are of similar order. The regime labels correspond to those introduced in Fig. 4 .
B. BEC instability due to electrical pumping
In the presence of electrical pumping and as µ s approaches the BEC instability point µ c s [see Eq. (18)], we find that spin conductivity diverges algebraically. The relevant exponent can be found straightforwardly by evaluating Eq. (21) now with µ s 0. Here, we fix the magnon gap (which is essentially µ s -independent as discussed in Sec. III D) to some finite positive value µ > 0 and sweep µ s toward µ c s ; we also assume that the bath temperatures are also fixed and do not change as electrical pumping is increased to the instability point. In the limit of weak damping α B , α F 1, we find
which, via power counting, we find to diverge as (µ c s − µ s ) −1/2 as µ s → µ c s .
V. DISCUSSION
Spin conductivity predictions in Sec. IV can be experimentally verified using a two-terminal spin transport setup very similar to the devices studied in, e.g., Refs. 12 and 28. The setup of interest is shown in at the injector metal via the spin Hall effect in the metal, and the magnon conductivity is quantified by electrically measuring the magnon density underneath the detector metal. The central metal bath is thermalized at temperature T F and the nonequilibrium spin accumulation µ s generated via the spin Hall effect in the metal can inject spin current into the region of the ferromagnet directly beneath the metal. The entire ferromagnet is coupled to a phonon bath at temperature T B . Following Ref. 12 , we characterize the region in the ferromagnet in between the injector and detector metals (with length 2d +w) using a series resistor model (see Fig. 5 ). Given that the ferromagnetic cross-sectional area is A and that the conductivities in the three regions from left to right are σ , σ 0 and σ , respectively, the total spin resistance R = 1/G of the region should be given by
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The spin conductivity σ for the region outside of the central region (beneath the metal bath) can be obtained from σ 0 computed in Sec. IV by setting α F = 0, i.e.,
The first set of experiments can be performed in the absence of electrical pumping, i.e., µ s = 0, maintaining the temperatures of the two baths equal, i.e., T F = T B = T , and sweeping T . If the external field is fixed at some value with µ 0 = γB − S K 0 > 0, the gradual increasing of T from small (T µ 0 /k B ) to large [T T max ≡ max{(α B µ 0 /αc) 2/3 , (α F µ 0 /αc) 2/3 }] values will then allow one to probe the finite temperature crossover behavior of the spin conductivity. The expected crossover behavior is shown in 6. (color online) The total spin conductance for the magnon gas located in between the injector and detector metals for a fixed magnetic field µ 0 and for µ s = 0. We assume here that T B = T F ≡ T . The conductance traverses through three regimes as the bath temperature T increased from the low temperature regime T µ 0 /k B (regime I), through the intermediate regime µ 0 /k B T T min (regime II), and finally to the high temperature regime T T max (regime III). Here, Fig. 6 . As the temperature increases into the intermediate and high temperature regimes (see regimes II and III in Fig. 6 ), the spin conductivities (and hence the spin conductance) exhibit power law behavior. In the intermediate temperature regime
σ and σ 0 both scale linearly in T , while the behavior crosses over to T 1/4 in the high temperature regime T T max . We now include the effect of the electrical pumping µ s . Here, we fix both bath temperatures to T , fix the external magnetic field as well such that µ 0 is constant, but sweep the nonequilibrium spin accumulation µ s toward µ c s . The spin resistance outside of the spin injection region is then fixed to a value R that is independent of µ s , but 1/R 0 = σ 0 A /w exhibits a diverging behavior as already shown in Sec. IV B. We plot the spin resistance R (in units of R ) as a function of µ s in Fig. 7 for d = w and for various ratios of µ/k B T = 0.01, 0.1, 1, 10. We find that as µ s approaches the critical value, the resistance in the central region (beneath the metal bath) goes to zero and so the total resistance converges from above to 2R . Evidently, the expected square root rise of the curves for µ s µ c s is most apparent at relative high temperatures, e.g., µ/k B T ∼ 0.01. Here, we have chosen α B = α F = 0.01. The y-intercepts of all the curves generally move up (down) when α F is increased above (decreased below) α B ; while the intercepts shift, the qualitative shapes of the curves do not change even when α F deviates from α B .
VI. CONCLUSION
We present a microscopic theory based on the Keldysh path integral formalism to study a magnon gas in contact with a phonon bath and a metallic bath capable of dc electrical spin injection. For mismatched bath temperatures and/or finite dc electrical pumping, the magnon system converges to a nonthermal steady state in which the distribution function is given by a nontrivial superposition of the bath distribution functions. Focusing exclusively on the normal (uncondensed) phase, we analyze the finite temperature crossover behavior of the correlation length associated with the superfluid order parameter fluctuations as a function of both the phonon and metallic bath temperatures, and find that while the correlation length is essentially defined by the nonthermal control parameter (i.e., the external magnetic field) at low bath temperatures, any one of the bath temperatures can cut off the correlation length when it is raised to a sufficiently high value. Motivated by recent spin transport measurements on a magnon gas close to BEC instability, 12 we compute the linear spin conductivity for arbitrary bath temperatures and electrical pumping strengths, and show that the finite temperature crossover behavior in the correlation length directly leads to nontrivial dependences of the spin conductivity on the bath temperatures. In the presence of pumping, we find an inverse square-root divergence in the spin conductivity as the pumping strength approaches the threshold value for BEC instability. Two-terminal spin transport setups capable of verifying our predictions are presented.
Recently, the stability criteria for a magnon gas in contact with a metallic bath and in the presence of electrical spin current injection were studied using the Keldysh path integral formalism. 17 While the microscopic Keldysh formulation was applied to the normal phase in both Ref. 17 and here, extending this approach for spin transport analysis in the condensed phase is an interesting future direction. Furthermore, a full microscopic derivation of the nonlinear dynamics involving both the condensate and the thermal cloud in an electrically pumped magnon system (e.g., as studied in Ref. 11) using the Keldysh formulation is also an interesting open problem.
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